Type-Ia supernova observations yield estimates of the luminosity distance, which includes not only the background luminosity distance, but also the fluctuation due to inhomogeneities in the Universe. In particular, the spatial correlation of the host galaxies is a dominant source of the fluctuation in the luminosity distance measurements. Utilizing the recent theoretical framework that accurately quantifies the information contents accounting for the three-dimensional correlation of the observables on the past-light cone, we compute the maximum cosmological information obtainable from idealized supernova surveys as a function of maximum redshift zm. Here we consider two cosmological parameters Ωm and w0 and show that these parameters can be constrained at maximum 1% levels in an idealized survey with zm = 1. We discuss how these fundamental limits set by cosmic variance can be overcome.
Type-Ia supernova observations yield estimates of the luminosity distance, which includes not only the background luminosity distance, but also the fluctuation due to inhomogeneities in the Universe. In particular, the spatial correlation of the host galaxies is a dominant source of the fluctuation in the luminosity distance measurements. Utilizing the recent theoretical framework that accurately quantifies the information contents accounting for the three-dimensional correlation of the observables on the past-light cone, we compute the maximum cosmological information obtainable from idealized supernova surveys as a function of maximum redshift zm. Here we consider two cosmological parameters Ωm and w0 and show that these parameters can be constrained at maximum 1% levels in an idealized survey with zm = 1. We discuss how these fundamental limits set by cosmic variance can be overcome.
Introduction.-Measurements of type-Ia supernova provide a powerful way to probe cosmology [1, 2] . A great amount of efforts in recent decades have been devoted to increase the survey volume and reduce the systematic errors in the luminosity distance measurements [3] [4] [5] [6] [7] . Supernova observations yield an estimate D(z,n) of the luminosity distance that includes not only the background luminosity distanceD(z) at the observed redshift z, but also the fluctuation δD(z,n) at the observed position specified the angular directionn and the redshift z, where D :=D(1 + δD). The fluctuation in the luminosity distance arises, because the observed flux, the redshift, and the angular position are affected by the large-scale inhomogeneities in the Universe through the light propagation from the source to the observer. Hence, all the measurements of the luminosity distance are correlated due to its fluctuations.
Since the pioneering work [8] , many groups showed [9] [10] [11] [12] [13] [14] [15] [16] that the fluctuation δD in the luminosity distance contains the line-of-sight peculiar motion V of the host galaxy, the gravitational potential contribution φ, and the gravitational lensing effect κ. The peculiar velocity is the dominant source of correlation at low redshift, while the gravitational lensing effect takes over at higher redshift. The effects of these inhomogeneities have been investigated [10, 11, [17] [18] [19] [20] in the past. Furthermore, since the progenitors of supernovae are associated with galaxies, supernova observations are also biased [12, 14] , as their host galaxies are biased against the underlying matter distribution, and this fluctuation δ g of the observed host galaxies indeed constitutes the dominant contribution to the correlation in the supernova observations. Therefore, in deriving the cosmological constraints from supernova surveys, it is important to take into consideration all the correlation of the luminosity distance measurements. However, previous analysis often ignored the radial correlation or the correlation due to the host galaxies. Accounting for all the effects described above, a complete theoretical formalism was derived in Ref. [21] for accurately quantifying the cosmological information contents on the light cone under the assumption that the fluctuations are at the linear order and Gaussian-distributed. In this Letter, we apply this formalism to supernova surveys in the 3D light cone volume and compute the maximum cosmological information contents that are available to us in the idealized surveys, where an infinite number of supernova observations are made without any systematic errors in a full sky over all redshift up to a given maximum redshift z m .
Observed data set.-Individual observations of type-Ia supernovae yield an estimate of the luminosity distance D(z,n) at the observed redshift z and angular directionn, but the observed data set D(z,n) altogether are described as the luminosity distance D weighted by the number dN g of the observed host galaxies in a given volume dV determined by the redshift bin dz and the angular bin d 2n [21] :
where we defined the backgroundD(z) and the (dimensionless) fluctuation δD(z,n) around it. In the case of one supernova observation, the total number of the observed host galaxies N tot g := dN g is unity, and the observed data set is just an estimate of the luminosity distance D(z,n) = D(z,n). With more observations in the data set, more weight is naturally given to the estimates D(z,n) in an over-dense region, where more supernova events are observed. This weight is the physical number density n p of the host galaxies times the physical volume dV p described by the observed redshift bin dz and the angular bin d 2n :
where the background part is simply the redshift distribution of the host galaxies in a homogeneous universe in terms of the Hubble parameter H and the comoving angular diameter distancer
Defined as above, the fluctuation δ g (z,n) of the observed host galaxies is shown to be gauge-invariant [22] [23] [24] [25] [26] [27] , and it includes the source fluctuation (such as the galaxy bias and the magnification bias) and the volume fluctuation (such as the redshift-space distortion and the relativistic effects) [28] . Therefore, the backgroundD and the fluctuation δD of the observed data set are [21] 
where the total number N tot g
) of the observed host galaxies is split into two (dimensionless) constants for later conveniencē
In a void, where there is no observed galaxy (δ g = −1), there is no measurement (D = 0) in the observed data set, while the luminosity distance to such void is non-zero (D = 0). Single redshift bin.-We first consider supernova observations at a given redshift z * with small redshift bin ∆z to illustrate how individual fluctuations affect the luminosity distance estimate. The total number of the observed host galaxies in this case is
directly related to the redshift distribution at the given redshift z * , and the observed data set is then
where we suppressed the dependence on the survey redshift z * and the fluctuation at the linear order in perturbations is
The number weight drops in the background part to yield D =D up to numerical factors, as all the observed data at the same redshift are summed up. The fluctuation δD is, however, dependent upon the fluctuation δ g of the host galaxies as well as the fluctuation δD in the luminosity distance. When averaged over the observed data set, Eq. (10) shows that δ g and δN tot g drop out
though this is valid only at the linear order.
The fluctuation δD in the luminosity distance at the linear order is often computed in the conformal Newtonian gauge [9, 10, 12, 13] 
where V s and V o are the line-of-sight peculiar velocity at the source and the observer positions, κ is the lensing convergence, and we ignored the gravitational potential contributions to δD. As emphasized [15, 29] , the individual components in δD are gauge-dependent and not associated with any physical quantity, while the full expression for δD is gaugeinvariant. For example, V o should not be linked to the velocity we measure from the CMB dipole, because the former has different values in other gauge conditions, while the value of the latter is uniquely fixed by observations, independent of our gauge choice. Hence, one cannot simply remove any of those contributions at the observer position in computing the luminosity distance, and it was shown [15] that this procedure was the source of the infrared divergences in previous calculations [30, 31] . On a single redshift bin, the correlation of the luminosity distance fluctuation is conveniently decomposed in terms of angular power spectrum C l ,
where γ ij :=n i ·n j and P l (x) is the Legendre Polynomial. Under the assumption of Gaussianity, the information contents of the observed data set for a given set of cosmological parameters p µ are quantified in Ref. [21] by using the Fisher matrix
where we ignored the cosmological information contained in the correlation ξ ij (p µ ) and the monopole power C 0 is solely determined by the peculiar velocity at the source position
(15) The explicit expression for the monopole power
where f is the logarithmic growth rate,
2 is the dimensionless scalar power spectrum, T m (k) is the matter transfer function at z * , and j 0 (x) is the spherical Bessel function. With j ′ 0 (x) = −j 1 (x), the monopole power C 0 is regular in the limit z * → 0.
The Fisher matrix expression shows that (1) individual observations on a single redshift bin essentially yield the average over the angle and the ensemble average of the estimate is the background luminosity distanceD(z * ), (2) the information contents depend on the sensitivity ofD to the cosmological parameters p µ , and (3) upon average over the sky, the estimate is limited by the cosmic variance of the monopole power C 0 . In C 0 (or a 0 ), the host fluctuation, the lensing effect, and the velocity at the observer position completely drop out. Furthermore, the correlation ξ ij is a function of cosmology [32] , and the full Fisher matrix contains the contribution term ∂ lnD 2 C l /∂p µ , similar to the CMB case. Since the correlation of the luminosity distance is rarely measured, we ignore this contribution to the cosmological information (see, however, [32] ).
3D light-cone volume.-Supernova observations are not confined to a single redshift bin; naturally, they cover a range of redshifts, increasing the leverage to constrain cosmology. Since measurements of the luminosity distance at different redshift bins are also correlated, the increase in the cosmological constraining power is somewhat limited. A critical difference in a 3D light-cone volume is that the number weight of the host galaxies changes in redshift, primarily due to the volume, but also due to the evolution of the host galaxies. Here we assume that the physical number density of the host galaxies evolves asn g (z) := n 0 (1 + z)
α , where α = 3 represent a constant comoving number density such as dark matter. Compared to Eq. (9), the expectationD(z) of the observed data set in Eq. (4) has the number weight factor, while the overall normalization constant n 0 is irrelevant in our discussion.
Similarly, the number weight plays a role at the perturbation level δD. The fluctuation δ g of the host galaxies is modeled here as the sum of the redshift-space distortion δ z [33] and the gravitational lensing effect κ: δ g (z,n) ≈ δ z − 2κ, where we ignored the velocity and the gravitational potential contributions in the full relativistic expression [27] , as the density fluctuation is the dominant contribution and the lensing effect (derivatives of the gravitational potential) is comparable. For the fluctuation δD in the luminosity distance, we again ignore the velocity and the gravitational potential contributions to be consistent with the approximation for δ g : δD(z,n) ≈ −κ. Therefore, the fluctuation in the observed data set in Eq. (5) is δD(z,n) ≈ δ z − 3κ − δN tot g , and its average over the sky at a given redshift is
where the lensing contribution again vanishes upon average. Provided that the luminosity function of the host galaxies is well-approximated by a simple power law ∝ L −s with the slope s, there exists an extra contribution (2s − 1)κ in the expression δ g due to the magnification bias [27] , but this contribution again vanishes upon average.
In a 3D light-cone volume, any observable quantities can be decomposed in terms of spherical harmonics for the angular dependence and spherical Bessel for the radial dependence [21, 34] , and the correlation of the luminosity distance fluctuation is then expressed by the spherical power spectrum
The spherical power spectrum is a generalization of the standard (flat-sky) power spectrum P (k), and they are equivalent, if P (k) is isotropic and there is no evolution along the radial direction, i.e., S l (k,
Under the assumption that the fluctuations are Gaussian distributed, the information contents in a 3D light-cone volume can be quantified in terms of the Fisher matrix [21] as
is the inverse spherical power spectrum, the Fourier kernel G µ (k) depends on cosmological parameters p µ
and we again ignored the cosmological information contained in the correlation ξ ij (p µ ).
Compared to the case for a single redshift bin, the Fisher matrix for a 3D light-cone volume reveals that (1) individual observations over the redshift range essentially yieldD(z) [defined in Eq. (4)], the background luminosity distance weighted by the redshift distribution of the host galaxies, including the volume factor, (2) the information contents depend on the sensitivity of the full background quantityD(z) to the cosmological parameters p µ , not just the background luminosity distanceD(z), and (3) the estimate ofD(z) is limited by the cosmic variance described by the inverse monopole power spectrumS 0 (k, k ′ ), defined in Ref. [21] as
in the matrix notation, where S 0 is the monopole power spectrumS 0 :=S 0 (k, k ′ )k ′ , and the angular Fourier kernel is
(see [21] for detailed derivations). For a single redshift bin, the inverse power spectrum in the Fisher matrix is literally the inverse of the angular power spectrum, i.e.,C l = C −1 l . However, for a 3D light-cone volume, the inverse power spec-
is not the inverse of the spherical power spec-
, as apparent in the matrix inversion relation in Eq. (21) . The reason is that the evolution along the light cone mixes different Fourier modes and the survey volume is finite, rather than an infinite hypersurface. (20), scaled with wavevector k. The sensitivity of luminosity distance measurements in a 3D lightcone volume to cosmological parameters is represented by Gµ(k) in the Fisher matrix in Eq. (19) . We consider all-sky supernova surveys with three different maximum redshifts denoted as solid (zm = 1), dashed (zm = 2), and dotted (zm = 1).
Using Eq. (17), the monopole power spectrum can be computed as
where the Fourier kernels for the angle-averaged redshiftspace distortion and the fluctuation in the number weight are
andr m :=r(z m ). The dependence of the redshift-space distortion kernel T z (k) on l = 0 and l = 2 arises due to the dependence on µ
, where b is the galaxy bias factor, µ k :=n ·k, and f is the logarithmic growth rate. The kernels M 0 (k,k) represent the contributions to the angle average in Eq. (17), and they are not symmetric in arguments.
Numerical computation.-To be specific, we adopt the best-fit ΛCDM model cosmological parameters presented in Table 7 (Planck alone) of the Planck 2018 result [35] . For simplicity, we first assume that the host galaxies are described FIG. 2. Monopole S0(k, k) and inverse monopoleS0(k, k) power spectra for the surveys with three different maximum redshifts shown in the legend. Only the diagonal parts of the monopole spectra are plotted. Upper: The monopole spherical power spectra S0(k, k) with three zm. As a reference, the gray curve shows the matter power spectrum P (k) at redshift zero, scaled with 750 h −1 Mpc. Lower: The inverse monopole power spectraS0(k, k) with three zm. S0(k, k) are scaled with wavenumber to highlight the contribution to the Fisher matrix in Eq. (27) .
by the matter distribution (b = 1 and α = 3), and we ignore the redshift-space distortion (f ≡ 0). Figure 1 shows the Fourier kernels G µ (k) for two cosmological parameters with three different maximum redshifts z m of idealized supernova surveys. The kernel G µ (k) multiplied by a wavenumber contributes to the Fisher matrix F µν in Eq. (19) , and the product is bounded at all k, exhibiting the peak contribution around the characteristic scale of the survey depth k ≈ 2/r m . Compared to ∂ lnD/∂p µ in the single redshift bin, the log-derivative in G µ (k) includes the volume factor, which enhances the sensitivity by about factor two at a given redshift. The dependence of the evolution slope α is rather weak, only through the total numberN
The upper panel of Figure 2 shows the spherical monopole power spectra S 0 (k, k). The Fourier kernels M 0 (k,k) for S 0 (k,k) behaves like a Dirac delta function due to two spherical Bessel functions in the kernels. Consequently, S 0 (k,k) is nearly diagonal. In the limit k → ∞, where the survey depth is comparatively larger m ≫ 1/k, the integrals in Eqs. (24) and (25) can be performed analytically by ignoring the time-evolution of the transfer function T m (k;r) to
where P m is the matter power spectrum averaged over the survey depth. Since
is proportional tor m , the monopole power S 0 (k, k) with z m = 3 is largest among three, while the averaged matter power spectrum with z m = 3 is lowest among three. For a reference, the matter power spectrum today is plotted as a gray curve, illustrating the similarity to S 0 (k, k)
Minimum fractional errors on two cosmological parameters from idealized supernova surveys alone that measure infinite number of supernova events without any systematic errors up to the maximum redshift zm. The correlation of the fluctuations in the luminosity distance and the host galaxies limits our ability to measure the cosmological parameters precisely in the surveys. Various curves illustrate the dependence of the model parameters associated with the host galaxies. Gray curves show the change, if we ignore the radial correlation (solid) or the host galaxy fluctuation (dashed).
at kr m ≫ 1. At low k, the power in S 0 (k, k) is reduced due to the survey volume.
The lower panel in Figure 2 shows the inverse monopole power spectraS 0 (k, k), scaled with a wavevector. Since S 0 (k, k ′ ) is nearly diagonal,S 0 (k, k ′ ) in Eq. (21) is nearly diagonal as well. However, the inverse spectrumS 0 (k, k ′ ) is defined only for the wave numbers that are approximately measurable in a given survey, i.e., kr m 1. For any long wavelength modes (kr m ≪ 1), the spherical power spectrum S 0 (k, k) has approximately the same value close to zero, hence the matrix S 0 is not invertible, as the spherical Bessel functions vary little for those wave numbers over the survey volume. SoS 0 (k, k) is plotted only for k ≥ 2π/r m . The inverse spherical power is very flat over the survey scales. SinceS 0 (k, k ′ ) is nearly diagonal, the Fisher matrix in Eq. (19) can be re-arranged as
illustrating that the cosmological information is proportional to the Fourier kernel kG µ (k) in Figure 1 and the inverse power spectrum kS 0 (k, k) in Figure 2 . For numerical computation of F µν in Eq. (19), we compute the full matrices S 0 andS 0 . Figure 3 illustrates the minimum fractional errors on two cosmological parameters from idealized supernova surveys. The minimum errors decrease with z m , as more volume is included in the surveys. Compared to our fiducial model (solid), host galaxies with higher bias (b = 2; dashed) are more correlated, reducing our leverage to constrain the cosmological parameters, and the increase in the minimum errors are about the ratio of the (constant) bias factors. The redshift-space distortion (RSD) also increases the correlation of the host galaxies, though its impact is minor, as the logarithmic growth rate f is small and two terms in Eq. (26) are partially cancelled. The host galaxies whose number density increases in time (α = 2; dotted) effectively put more weight on the lower redshift populations and increase δN tot g (z), reducing the fluctuation in the observed data set in Eq. (17) . But its impact is small and visible only when the redshift depth is large.
Gray curves illustrate the change in the forecast, if the radial correlation (solid) or the host galaxy correlation (dashed) is ignored. In the former, the survey volume is split into multiple redshift bins with width ∆z = 0.05, and the Fisher matrix in Eq. (14) for each redshift bin are added, as if each redshift bin is independent. This procedure of ignoring the radial correlation significantly underestimates the cosmic variance and hence the minimum errors. In fact, the results depend on the bin width ∆z or the number of "independent" redshift bins. When the host galaxy fluctuation is ignored δ g ≡ 0 (dashed gray), the observed data set Eq. (5) is simplified as δD = δD, and the Fourier kernel for the monopole power spectrum is
where we used Eq. (12) and there is no contribution of κ or V 0 to the monopole power. While the radial correlation is properly considered, the dominant source (or δ g ) of the correlation is missing, and this assumption still underestimates the minimum errors.
Two symbols in Figure 3 show the current errors from the Pantheon sample [7] with z m ≃ 2.3 and the Supernova Legacy Survey (SNLS; [5] ) with z m ≃ 1.0. The errors from both surveys are derived by combining the parameter constraints from Planck analysis. The intrinsic scatter associated with individual supernovae is a dominant contribution to their error budget, which we set zero in idealized surveys considered here. Moreover, while the correlation of the peculiar velocities is approximately accounted for in the analysis [5, 7] , the correlation of the host galaxies is ignored. While the fundamental limit set by the cosmic variance is yet to be reached in these surveys at high redshift, its impact is more significant at lower redshift.
Discussion.-Accounting for the correct correlation of the luminosity distance measurements, we derived the precise minimum errors on two cosmological parameters from idealized supernova surveys, where an infinite number of supernova observations are made without any systematic errors. The minimum floors exist because the light propagation from individual supernovae is affected by large-scale inhomogeneities and the host galaxies are also correlated. Though we assumed perfect knowledge of ∆ bias factor for the supernova host galaxies is expected to be different from that of typical galaxies. While the real surveys are yet to reach the limits considered here, there are several ways to extract more information and overcome the limits in Figure 3 . The spatial correlation ξ ij of individual observations contains cosmological information that can be harnessed, but was ignored in Figure 3 . Cross correlation with other galaxy populations in the same volume provides a way to beat the cosmic variance and reduce the errors [36] .
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